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Abstract
The presented paper studies the flow number F (G,σ) of flow-admissible signed
graphs (G,σ) with two negative edges. We restrict our study to cubic graphs,
because for each non-cubic signed graph (G,σ) there is a set G(G,σ) of cubic graphs
such that F (G,σ) ≤ min{F (H,σH) : (H,σH) ∈ G(G)}. We prove that F (G,σ) ≤ 6
if (G,σ) contains a bridge and F (G,σ) ≤ 7 in general. We prove better bounds, if
there is an element (H,σH) of G(G,σ) which satisfies some additional conditions.
In particular, if H is bipartite, then F (G,σ) ≤ 4 and the bound is tight. If H
is 3-edge-colorable or critical or if it has a sufficient cyclic edge-connectivity, then
F (G,σ) ≤ 6. Furthermore, if Tutte’s 5-Flow Conjecture is true, then (G,σ) admits
a nowhere-zero 6-flow endowed with some strong properties.
1 Introduction
In 1954 Tutte stated a conjecture that every bridgeless graph admits a nowhere-zero
5-flow (5-flow conjecture, see [15]). Naturally, the concept of nowhere-zero flows has
been extended in several ways. In this paper we study one generalization of them –
nowhere-zero flows on signed graphs. Signed graphs are graphs with signs on edges.
It was conjectured by Bouchet [1] that signed graphs that admit a nowhere-zero
flow have a nowhere-zero 6-flow. Recently, it was announced by DeVos [2] that
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such signed graphs admit a nowhere-zero 12-flow, which is the best current general
approach to Bouchet’s conjecture.
Bouchet’s conjecture has been confirmed for particular classes of graphs [7, 6, 10]
and also for signed graphs with restricted edge-connectivity (for example [8]). By
Seymour [11] it is also true for signed graphs with all edges positive, because they
correspond to the unsigned case.
In this paper we study signed graphs with two negative edges. It is the minimum
number of negative edges for which Bouchet’s conjecture is open, because signed
graphs with one negative edge are not flow-admissible. This class of signed graphs is
further interesting for its connection with Tutte’s 5-flow conjecture. Suppose there
exists k such that every signed graph with k negative edges admits a nowhere-zero
5-flow. Take any bridgeless graph G and identify a vertex of all-positive G with a
vertex of a flow-admissible signed graph with k negative edges. The resulting signed
graph is flow-admissible with k negative edges, so it admits a nowhere-zero 5-flow,
as well as all-positive G, and hence also G. Therefore the following holds.
Observation 1.1. If there exists k such that every flow-admissible signed graph
with k negative edges admits a nowhere-zero 5-flow, then Tutte’s conjecture is true.
Since for every k ≥ 3 there is a signed graph with k negative edges which does
not admit a nowhere-zero 5-flow (see [10]), the class of signed graphs with two
negative edges is of a great importance. In the opposite direction we will prove that
Tutte’s conjecture implies Bouchet’s conjecture for signed graphs with two negative
edges.
In the next section we introduce necessary notions and provide a couple of well-
known results on flows. In Section 3 we show how to deal with small edge-cuts, and
finally, in Sections 4-6 we prove results on flows for signed graphs with two negative
edges.
2 Preliminaries
A signed graph (G,σ) is a graph G and a function σ : E(G) → {−1, 1}. The
function σ is called a signature. The set of edges with negative signature is denoted
by Nσ. It is called the set of negative edges, while E(G) − Nσ is called the set of
positive edges. If all edges of (G,σ) are positive, i. e. when Nσ = ∅, then (G,σ) will
be denoted by (G, 1) and will be called an all-positive signed graph.
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An assignment D that assigns a direction to every edge according to a given
signature is called an orientation of (G,σ). A positive edge can be directed like
or like . A negative edge can be directed like (so-called extro-
verted edge) or like (so-called introverted edge). An oriented signed graph is
also called a bidirected graph. Sometimes it is helpful to consider an edge e = vw as
two half-edges hv(e) and hw(e) and the orientation of the edges as an orientation of
the half-edges.
Let (G,σ) be a signed graph. A switching at v defines a graph (G,σ′) with
σ′(e) = −σ(e) if e is incident to v, and σ′(e) = σ(e) otherwise. We say that signed
graphs (G,σ) and (G,σ∗) are equivalent if they can be obtained from each other by
a sequence of switchings. We also say that σ and σ∗ are equivalent signatures of G.
If we consider a signed graph with an orientation D, then switching at v is a change
of the orientations of the half-edges that are incident with v. If D∗ is the resulting
orientation, then we say that D and D∗ are equivalent orientations.
Let A be an abelian group. An A-flow (D,φ) on (G,σ) consists of an orientation
D and a function φ : E(G) → A satisfying Kirchhoff’s law : for every vertex the
sum of incoming values equals the sum of outgoing values. If 0 /∈ φ(E(G)), then we
say that the A-flow is nowhere-zero. Let k be a positive integer. A nowhere-zero
Z-flow such that −k < φ(e) < k for every e ∈ E(G) is called a nowhere-zero k-flow.
A signed graph (G,σ) is flow-admissible if it admits a nowhere-zero k-flow for some
k. The flow number of a flow-admissible signed graph (G,σ) is
F ((G,σ)) = min{k : (G,σ) admits a nowhere-zero k-flow}.
This minimum always exists and we will abbreviate F ((G,σ)) to F (G,σ).
If (G,σ) admits a nowhere-zero A-flow (D,φ) and (G,σ∗) is equivalent to (G,σ),
then there exists an equivalent orientation D∗ to D such that (D∗, φ) is a nowhere-
zero A-flow on (G,σ∗). To find D∗ it is enough to switch at the vertices that are
switched in order to obtain σ∗ from σ. Thus, it is easy to see that F (G,σ) =
F (G,σ∗).
We note that flows on signed graphs that are all-positive are equivalent to flows
on graphs (in fact, a nowhere-zero k-flow (A-flow, respectively) on a graph G can
be defined as a nowhere-zero k-flow (A-flow, respectively) on (G, 1)). This allows us
to state known results for flows on graphs in terms of flows on signed graphs, and
vice-versa. We will freely make a use of this fact. While a graph is flow-admissible
if and only if it contains no bridge, the definition of flow-admissibility for signed
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graphs is more complicated – it is closely related to the concept of balanced and
unbalanced circuits.
A circuit of (G,σ) is balanced if it contains an even number of negative edges;
otherwise it is unbalanced. Note that a circuit of (G,σ) remains balanced (resp.
unbalanced) after switching at any vertex of (G,σ). The signed graph (G,σ) is an
unbalanced graph if it contains an unbalanced circuit; otherwise (G,σ) is a balanced
graph. It is well known (see e.g. [8]) that (G,σ) is balanced if and only if it is
equivalent to (G, 1). A barbell of (G,σ) is the union of two edge-disjoint unbalanced
cycles C1, C2 and a path P satisfying one of the following properties:
• C1 and C2 are vertex-disjoint, P is internally vertex-disjoint from C1∪C2 and
shares an endvertex with each Ci, or
• V (C1)∩V (C2) consists of a single vertex w, and P is the trivial path consisting
of w.
Balanced circuits and barbells are called signed circuits. They are crucial for
flow-admissibility of a signed graph.
Lemma 2.1 (Lemma 2.4 and Lemma 2.5 in [1]). Let (G,σ) be a signed graph. The
following statements are equivalent.
1. (G,σ) is not flow-admissible.
2. (G,σ) is equivalent to (G,σ′) with |Nσ′ | = 1 or G has a bridge b such that a
component of G− b is balanced.
3. (G,σ) has an edge that is contained neither in a balanced circuit nor in a
barbell.
When a signed graph has a single negative edge, it is not flow-admissible by the
previous lemma. This can be seen also from the fact that the sum of flow values over
all negative edges is 0 provided that the negative edges have the same orientation.
Therefore, if a flow-admissible signed graph has two negative edges, which is the
case considered in this paper, and the negative edges have opposite orientations,
then the flow value on the negative edges is the same for any nowhere-zero k-flow.
Let (D,φ) be a nowhere-zero k-flow on (G,σ). If we reverse the orientation
of an edge e (or of the two half-edges, respectively) and replace φ(e) by −φ(e),
then we obtain another nowhere-zero k-flow (D∗, φ∗) on (G,σ). Hence, if (G,σ) is
flow-admissible, then it has always a nowhere-zero flow with all flow values positive.
Let n ≥ 1 and P = u0u1...un be a path. We say that P is a v-w-path if v = u0
and w = un. Let (G,σ) be oriented. If a path P of G does not contain any negative
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edge and for every i ∈ {0, . . . , n − 1} the edge uiui+1 is directed from ui to ui+1,
then we say that P is a directed v-w-path.
We will frequently make a use of the following well-known lemma.
Lemma 2.2. Let G be a graph and (D,φ) be a nowhere-zero Z-flow on (G, 1). If
φ(e) > 0 for every e ∈ E(G), then for any two vertices u,v of G there exists a
directed u-v-path.
Proof. Assume that there are two vertices u and v for which there exists no directed
u-v-path. Let U be the set that consists of u and all vertices w for which there exists
a directed u-w-path. Then v ∈ V (G) − U and all edges between U and V (G) − U
are directed towards U . These edges induce an edge-cut for which Kirchhoff’s law is
false, because φ(e) > 0 for every e. But then (D,φ) is not a flow, a contradiction.
Flows on signed graphs were introduced by Bouchet [1], who stated the following
conjecture.
Conjecture 2.3 ([1]). Let (G,σ) be a signed graph. If (G,σ) is flow-admissible,
then (G,σ) admits a nowhere-zero 6-flow.
Seymour’s 6-flow theorem for graphs implies Bouchet’s conjecture for all-positive
signed graphs.
Theorem 2.4 ([11]). If (G, 1) is flow-admissible, then (G, 1) admits a nowhere-zero
6-flow.
Tutte [15] proved that a graph has a nowhere-zero k-flow if and only if it has a
nowhere-zero Zk-flow. This is not true for signed graphs, but in our paper we will
apply the following theorem, which is a straightforward corollary of Theorem 3.2
in [3].
Theorem 2.5 ([3]). Let G be a 3-edge connected graph and v ∈ V (G) be of degree 3.
If a, b, c ∈ Z6 are such that a + b + c = 0, then G admits a nowhere-zero Z6-flow
such that the edges incident to v receive flow values a, b, c.
An edge-coloring of a graph G is to set a color to every edge of G in such a way
that two adjacent edges obtain different colors. We say that G is c-edge-colorable if
there exists an edge-coloring of G that uses at most c colors. The smallest number
of colors needed to edge-color G is chromatic index of G. By Vizing’s theorem the
chromatic index of a cubic graph is either 3 or 4. Bridgeless cubic graphs with
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chromatic index 4 are also called snarks. Tutte [14, 15] proved that a cubic graph
G is 3-edge-colorable if and only if G (and hence also (G, 1)) admits a nowhere-zero
4-flow, and that G is bipartite if and only if G (and hence (G, 1)) admits a nowhere-
zero 3-flow. We say that a snark G is critical if (G − e, 1) admits a nowhere-zero
4-flow for every edge e. Critical snarks were studied for example in [4, 5, 12].
3 Small edge-cuts
In Section 4 we will show that Bouchet’s conjecture holds for signed graphs with
two negative edges that contain bridges. Here, we introduce a useful reduction
of 2-edge-cuts (different from the one introduced by Bouchet [1]). We start with
well-known simple observations.
Lemma 3.1. Let (G,σ) be a signed graph and X ⊆ E(G) be an edge-cut of G. If
X = Nσ, then F (G,σ) = F (G, 1).
Proof. Let (W1,W2) be a partition of V (G) such that w1w2 ∈ X if and only if
w1 ∈ W1 and w2 ∈ W2. Switching at all vertices of W1 results in an all-positive
signed graph, and hence F (G,σ) = F (G, 1).
Similarly, we can proof the following lemma.
Lemma 3.2. Let (G,σ) be a signed graph such that all negative edges Nσ belong to
an (|Nσ|+ 1)-edge-cut. Then (G,σ) is not flow-admissible.
Proof. Let e be the positive edge in the (|Nσ|+ 1)-edge-cut containing all negative
edges of the graph. Note that there exists a switching of (G,σ) such that the
resulting signature contains only one negative edge, namely e. Then by Lemma 2.1,
(G,σ) admits no nowhere-zero k-flow.
In our paper we will make a use of this straightforward corollary.
Corollary 3.3. Let (G,σ) be a signed graph such that |Nσ| = 2. If (G,σ) is flow-
admissible, then the two negative edges of (G,σ) do not belong to any 3-edge-cut.
Let X = {uv, xy} be a 2-edge-cut of (G,σ) such that (G −X,σ|G−X ) contains
a component that is all-positive. If X = Nσ, then F (G,σ) ≤ 6 by Lemma 3.1 and
Theorem 2.4. If uv is positive, then we will use the following reduction. A 2-edge-cut
reduction of (G,σ) with respect to the edge-cut {uv, xy} is a disjoint union of two
signed graphs, (G1, σG1) and all-positive (G2, σG2), that are obtained from (G,σ)
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as follows: remove uv and xy and add a positive edge vy and an edge ux whose sign
equals σ(xy). Note that |NσG1 | = |Nσ|. We say that (G1, σG1) and (G2, σG2) are
resulting graphs of the 2-edge-cut reduction of (G,σ) (with respect to a 2-edge-cut
{uv, xy}).
Observation 3.4. The resulting graphs of a 2-edge-cut reduction of a flow-admissible
signed graph are flow-admissible.
Proof. Let (G1, σG1) and all-positive (G2, σG2) be the resulting signed graphs ob-
tained from the 2-edge-cut reduction of (G,σ) with respect to {uv, xy}. Suppose
first that (G2, σG2) is not flow-admissible. Then (G2, σG2) contains a bridge, which
is also a bridge of (G,σ) whose removal yields to an all-positive component of (G,σ).
By Lemma 2.1 (G,σ) is not flow-admissible, a contradiction.
Let e be an edge of (G1, σG1). By Lemma 2.1 it is enough to show that e belongs
to a signed circuit C1 of (G1, σG1). Since (G,σ) is flow-admissible, there exists a
signed circuit C of (G,σ) containing e. If E(C) ⊆ E(G1), then C1 := C, and we are
done. Otherwise, C contains at least one of {uv, xy}. Since all negative edges belong
to the component of G − {uv, xy} containing e, C must contain both of {uv, xy}.
Therefore C contains a u-x-path P such that E(P )∩E(G1) = ∅. Moreover, xy has
the same sign as ux and P − xy is all-positive. Therefore replacing P by ux in C is
the desired signed circuit C1 of (G1, σG1).
Lemma 3.5. Let (G1, σG1) and (G2, σG2) be the resulting graphs of the 2-edge-cut
reduction of (G,σ) with respect to a 2-edge-cut {uv, xy}. Let k > 0 be integer,
and let, for i = 1, 2, (Gi, σGi) admit a nowhere-zero k-flow (Di, φi) such that ux is
oriented from u to x and hv(vy) is oriented towards v. If φ1(ux) = φ2(vy), then
F (G,σ) ≤ k.
Proof. We will define a flow on (G,σ) directly. Let D be an orientation of the edges
of (G,σ) such that D(e) = Di(e) for every edge e ∈ E(Gi) ∩ E(G). Let uv be
oriented from u to v, hx(xy) be oriented towards x, and hy(xy) be oriented towards
y if and only if hy(vy) is oriented towards y. We define φ as follows: φ(e) = φi(e)
for every e ∈ E(Gi) ∩ E(G) and φ(uv) = φ(xy) = φ1(ux). Clearly, (D, f) is a
nowhere-zero k-flow of (G,σ).
For a signed graph (G,σ) with two negative edges we say that an all-positive
2-edge-cut X separates the negative edges if the negative edges belong to different
components of G −X. We note that we will not use an equivalent of a 2-edge-cut
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reduction for 2-edge-cuts that separate negative edges, because the resulting signed
graphs may not be flow-admissible.
An idea to reduce non-separating cuts of size less than 3 appeared first in
Bouchet’s work (see Proposition 4.2. in [1]). However, his reduction uses contraction
of a positive edge, which cannot be used in our paper – contraction of an edge of
a signed graph from a particular class (e.g. bipartite) may result in a signed graph
that does not belong to the same class.
4 Nowhere-zero 4-flows
The following lemma was proven by Scho¨nberger [9].
Lemma 4.1 ([9]). If G is a bridgeless cubic graph and e is an edge of G, then G
has a 1-factor that contains e.
Lemma 4.2. Let G be a cubic bipartite graph, and let e, f ∈ E(G). If any 3-
edge-cut contains at most one edge of {e, f}, then there exists a 1-factor of G that
contains both, e and f .
Proof. Let U and V be the partite sets of G. Let e = uv and f = xy be two edges
of G such that u, x ∈ U , v, y ∈ V . If e and f are adjacent, they belong to a (trivial)
3-edge-cut of G, a contradiction. Hence e and f are non-adjacent.
If e and f form a 2-edge-cut, then they must belong to the same color class of a
3-edge-coloring of G and hence, there is a 1-factor that contains e and f . In what
follows, we assume that {e, f} is not a 2-edge-cut.
Let G′ be the graph that is constructed from G − {e, f} by adding new edges
e′ = ux and f ′ = vy. Then G′ is cubic and bridgeless, because e and f do not
belong to any 3-edge-cut of G. Thus, by Lemma 4.1 there exists a 1-factor F ′
of G′ containing e′. We claim that F ′ contains f ′. Suppose to the contrary that
f ′ /∈ F ′. Then there exist v′ and y′ from U such that vv′ and yy′ are in F ′. The graph
G′−{u, x, v, v′, y, y′} is bipartite with partite sets of sizes |U |−4 and |V |−2 = |U |−2.
Note that such a graph does not have any 1-factor, which is a contradiction with
existence of F ′. Thus f ′ must belong to F ′. In that case F = F ′ ∪ {e, f} − {e′, f ′}
is a 1-factor of G that contains e and f .
Lemma 4.3. Let (G,σ) be a signed cubic graph with Nσ = {n1, n2}. If G has
a 3-edge-coloring such that n1 and n2 belong to the same color class, then (G,σ)
admits a nowhere-zero 4-flow (D,φ) such that φ(n1) = φ(n2) = 2.
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Proof. Let c : E(G) → {c1, c2, c3} be a 3-edge-coloring such that c(n1) = c(n2) =
c2. It is well known and easy to see that (G, 1) has a nowhere-zero 4-flow (D,φ)
such that φ(x) > 0 for every x ∈ E(G) and φ(y) = 2 if y ∈ c−1(c2). Let n1 = u1u2
and n2 = v1v2 be directed towards u2 and towards v2, respectively. By Lemma 2.2,
there is a directed path P from v2 to u1. Moreover, P contains neither n1 nor n2. To
obtain an orientation D′ of (G,σ) reverse the orientation of the half-edges hu1(n1)
and hv2(n2) and the edges of P , and leave the orientation of all other (half-)edges
unchanged. Let φ′(x) = 4 − φ(x) if x ∈ E(P ), and φ′(x) = φ(x) otherwise. It is
easy to check that (D′, φ′) is a desired nowhere-zero 4-flow on (G,σ).
Theorem 4.4. Let (G,σ) be a flow-admissible signed cubic graph with |Nσ| = 2. If
G is bipartite, then F (G,σ) ≤ 4.
Proof. Let Nσ = {n1, n2}. Since (G,σ) is flow-admissible, n1 and n2 do not belong
to any 3-edge-cut by Corollary 3.3. Thus by Lemma 4.2, G has a 1-factor containing
n1 and n2. By Lemma 4.3, F (G,σ) ≤ 4.
The bound given in Theorem 4.4 is tight. It is achieved for example on (K3,3, σ),
where the two negative edges are independent (see [6]). It is not possible to extend
the result of Theorem 4.4 to cubic bipartite graphs with any number of negative
edges. For example, a circuit of length 6, where every second edge is doubled and
one of the parallel edges is negative for every pair of parallel edges and all the other
edges are positive has flow number 6 (see [10]).
We would like to note that a choice of flow value on negative edges is important.
The signed graph of Figure 1 is an example of a signed graph that does not admit
a nowhere-zero 4-flow that assigns 1 to negative edges even though it admits a
nowhere-zero 4-flow according to Theorem 4.4.
5 Nowhere-zero 6-flows
In this section we prove that Bouchet’s conjecture is true for signed graphs with
two negative edges where the underlying graph has additional properties. Our first
result is on the graphs with bridges, for which we need the following lemma.
Let D be an orientation of a graph G and φ : E(G) → A be a function to
an abelian group A. We say that an outflow at a vertex v of G with respect to
(D,φ) is
∑
e∈δ+(v) φ(e)−
∑
e∈δ−(v) φ(e), where δ
+(v) (δ−(v), respectively) is the set
of outgoing edges (incoming edges, respectively) incident to v.
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Figure 1: A signed graph for which a choice of flow value on negative edges is important
Lemma 5.1. Let G be a graph and let v be a vertex of G of degree 3 incident
to e1, e2, e3. Let D be an orientation of G such that either δ
+(v) = {e1, e2, e3} or
δ−(v) = {e1, e2, e3}. If G admits a nowhere-zero Z6-flow (D,φ) such that φ(e1) = 1,
φ(e2) = x and φ(e3) = −1−x (for 1 ≤ x ≤ 4), then G admits a nowhere-zero 6-flow
(D,φ′) such that φ′(e1) = 1, φ
′(e2) = x and φ
′(e3) = −1− x.
Proof. Let (D,φ) be an all-positive nowhere-zero Z6-flow on G such that φ(e1) = 1,
φ(e2) = x and φ(e3) = 1 + x for a fixed x ∈ {1, 2, 3, 4}. If (D,φ) is also a nowhere-
zero 6-flow, then we are done.
Otherwise (D,φ) is a nowhere-zero integer function such that the outflow at the
vertices of G is a multiple of 6. (Note that the total outflow in Z taken over all
vertices of G is 0, because (D,φ) is a nowhere-zero Z6-flow on G.) Since (D,φ) is not
an integer flow, there are at least two vertices with non-zero outflow (taken in Z).
Let w1 be a vertex with a positive outflow. We claim that there exists a vertex
w2 with a negative outflow such that there is a directed w1-w2-path not containing
e1. Suppose the opposite and let W be a subset of V (G) that contains w1 and
every vertex w for which there is a directed w1-w-path not containing e1. Since
W does not contain any vertex with negative outflow, V (G) − W is non-empty.
Every edge between W and V (G)−W is oriented towards W except, possibly, the
edge e1. By Kirchhoff’s law, the total outflow from V (G) −W must be negative,
which is possible only when e1 is the only edge between W and V (G)−W , because
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φ is all-positive. But then e1 is a bridge of a flow-admissible graph G, which is
a contradiction. Therefore, there is a directed w1-w2-path P . To obtain a new
nowhere-zero function (D∗, φ∗), reverse the orientation of the edges of P , leave the
orientation of all other edges unchanged, and define φ∗(f) = φ(f) for f /∈ P , and
φ∗(f) = 6− φ(f) for f ∈ P . Note that (D∗, φ∗) is positive on every edge of G, and
since e1 /∈ P , φ
∗(e1) = 1. We iterate this process until the outflow at every vertex
of G is 0. (Note that this process is finite, because the sum of absolute values of
the outflows in Z over all vertices decreases.)
Let (D#, φ#) be the final nowhere-zero function. Since the outflow at every
vertex is 0, (D#, φ#) is a nowhere-zero 6-flow (which is also positive on every edge).
If φ#(e1) = 1, φ
#(e2) = x, and φ
#(e3) = 1 + x, then we are done. Otherwise
φ#(e1) = 1, φ
#(e2) = 6−x, and φ
#(e3) = 5−x. By Lemma 2.2, there is a directed
u2-u3-path Q in G, where ui ∈ ei, for i = 2, 3. Then Q ∪ e3 ∪ e2 is a directed cycle.
Reversing the orientation D# on E(Q∪ e3∪ e2) and replacing φ
#(e) with 6−φ#(e)
on every edge e ∈ Q ∪ e3 ∪ e2 provides a desired nowhere-zero 6-flow on G.
Corollary 5.2. Let G be a cubic graph and f ∈ E(G). If G is bridgeless, then
(G, 1) has a nowhere-zero 6-flow (D,φ), and we can choose the flow value φ(f).
Proof. Note that by Theorem 2.4, (G, 1) admits a nowhere-zero 6-flow. If G is 3-
edge-connected, then the result follows from Theorem 2.5 and Lemma 5.1. Suppose
now that G is 2-edge-connected. We show that we can choose the flow value on
f . Suppose the contrary, and let G be a counterexample with minimum number of
edges. Let X be a 2-edge-cut of G. Let (G1, 1) and (G2, 1) be the resulting graphs
of the 2-edge-cut reduction of (G, 1) with respect to X. By Observation 3.4, (G1, 1)
and (G2, 1) are flow-admissible. One of (G1, 1) and (G2, 1), say (G1, 1), contains
f . Since (G1, 1) is smaller than G, it admits a nowhere-zero 6-flow (D1, φ1) such
that we can choose φ1(f). Since (G2, 1) is also smaller than G, (G2, 1) admits a
nowhere-zero 6-flow (D2, φ2) such that φ2(e2) = φ1(e1) where ei ∈ E(Gi)−E(G) for
i = 1, 2. By Lemma 3.5 we can combine (D1, φ1) and (D2, φ2) to obtain a desired
nowhere-zero 6-flow on G, which is a contradiction.
Theorem 5.3. Let (G,σ) be a flow-admissible signed cubic graph with Nσ = {n1, n2}.
If (G,σ) contains a bridge, then (G,σ) admits a nowhere-zero 6-flow (D,φ) such
that φ(n1) = φ(n2) = 1.
Proof. Suppose the contrary and let (G,σ) be a minimal counterexample in terms
of number of edges. Let, first, (G,σ) contain a 2-edge-cut X that does not separate
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the negative edges n1 and n2. Suppose that (G1, σG1) and (G2, σG2) are resulting
graphs of the 2-edge-cut reduction of (G,σ) with respect to X. By Observation 3.4,
(Gi, σGi) is flow-admissible, for i = 1, 2. Since (G1, σG1) contains two negative
edges and is smaller than (G,σ), it admits a nowhere-zero 6-flow (D1, φ1) such
that φ1(n1) = φ1(n2) = 1. By Corollary 5.2, (G2, σG2) admits a nowhere-zero 6-
flow (D2, φ2) such that φ2(f2) = φ1(f1), where fi ∈ E(Gi) − E(G). Finally, by
Lemma 3.5, (G,σ) admits a nowhere-zero 6-flow such that the negative edges of
(G,σ) receive flow value 1. This is a contradiction, and we may assume that every
2-edge-cut of (G,σ) separates the negative edges n1 and n2.
Let b1, . . . , bl be all the bridges of (G,σ), for l ≥ 1. Note that neither n1 nor
n2 is a bridge, otherwise (G,σ) is not flow-admissible. Moreover, since (G,σ) is
flow-admissible, b1, . . . , bl lie on the same path. Let (G0, σ0), . . . , (Gl, σl) be 2-edge-
connected components of (G,σ)−{b1, . . . , bl} such that bi is incident to (Gi−1, σi−1)
and (Gi, σi), for i = 1, . . . , l. Then n1 ∈ E(G0) and n2 ∈ E(Gl) (or vice versa),
otherwise the bridges of (G,σ) do not belong to a signed circuit (which is a contra-
diction with flow-admissibility of (G,σ)).
Let n1 = u0v0 and n2 = ulvl. For i ∈ {0, l}, let G
∗
i be an underlying graph
obtained from a signed graph (Gi, σi) by removing uivi and connecting three degree
2 vertices (ui, vi and an end-vertex of a bridge) into a new vertex wi. We claim that
G∗i is 3-edge-connected. It is easy to see that G
∗
i is connected and does not have a
bridge, because it is obtained from a 2-edge-connected graph (Gi, σi) where deleted
edge uivi is replaced by a path uiwivi. Suppose for the contrary that X ⊆ E(G
∗
i ) is
a 2-edge-cut of G∗i . If the three neighbors of wi belong to one component of G
∗
i −X,
then X is a non-separating 2-edge-cut of (G,σ), a contradiction. Therefore, there
is one component of G∗i − X containing exactly one neighbor of wi. But then X
contains either two edges or exactly one edge incident to wi. In the former case,
G∗i − wi = Gi − uivi is disconnected, which is impossible, since (Gi, σi) is 2-edge-
connected. In the latter case, G∗i −wi = Gi−uivi contains a bridge. This is possible
if and only if uivi belongs to a 2-edge-cut of (Gi, σi), which is a non-separating 2-
edge-cut of (G,σ), because it contains uivi. This is a contradiction, and we conclude
that G∗i is 3-edge-connected.
By Theorem 2.5, G∗i admits a nowhere-zero Z6-flow (D
∗
i , φ
∗
i ) such that the flow
values on edges incident to wi are a, b and c, for a+ b+ c = 0. For G
∗
0, let a = b = 1
and c = −2, where φ∗0(w0u0) = φ
∗
0(w0v0) = 1. For G
∗
l , let a = b = −1 and c = 2,
where φ∗l (wlul) = φ
∗
l (wlvl) = −1. By Lemma 5.1, G
∗
i admits a nowhere-zero 6-flow
(Di, φi) such that φi(e) = φ
∗
i (e), for every edge e incident to wi.
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Suppose first that l = 1. We define (D,φ) on (G,σ) as follows. Let (D,φ) =
(Di, φi) for every edge e ∈ E(G) ∩ E(Gi). Let n0 be extroverted, nl be introverted
and let φ(n0) = φ(nl) = 1. Finally, let b1 be oriented from a vertex of G0 to a vertex
of Gl and let φ(b1) = 2. It is easy to see that (D,φ) is a desired nowhere-zero 6-flow
on (G,σ), a contradiction.
Finally, suppose that l ≥ 2. Then (Gj , σj) are all-positive, for j = 1, . . . , l − 1.
Add a new edge ej to Gj to connect the vertices of degree 2 (there are two such
vertices– the end-vertices of bj and bj+1 in (G,σ)). By Corollary 5.2, Gj ∪ej admits
a nowhere-zero 6-flow (Dj , φj) such that φj(ej) = 2 where ej is oriented from the
end-vertex of bj+1 to the end-vertex of bj . We are ready to define (D,φ) on (G,σ).
For i ∈ {0, . . . , l}, let (D|E(Gi), φ|E(Gi)) = (Di|E(Gi), φi|E(Gi)), let n1 be extroverted,
n2 be introverted and φ(n1) = φ(n2) = 1. Finally, for j = 1, . . . , l, let bj be oriented
from the vertex of Gj−1 to the vertex of Gj with φ(bj) = 2. It is easy to see that
(D,φ) is a desired nowhere-zero 6-flow on (G,σ), which is a contradiction and end
of the proof.
In the following we focus on (G,σ) where G is 3-edge-colorable or critical.
Lemma 5.4. Let G be a cubic graph and e1, e2 ∈ E(G). If G is 3-edge-colorable,
then (G, 1) has a nowhere-zero 4-flow (D,φ) such that φ(f) > 0 for every f ∈ E(G),
and φ(e1) = φ(e2) = 1.
Proof. Let c : E(G) → {c1, c2, c3} be a 3-edge-coloring, and let c(e1) = c1 and
c(e2) ∈ {c1, c2}. Let (D1, φ1) be a nowhere-zero 2-flow on c
−1(c1) ∪ c
−1(c2) and
(D2, φ2) be a nowhere-zero 2-flow on c
−1(c2) ∪ c
−1(c3).
In both cases for c(e2), (D,φ) is obtained as a combination of (D1, φ) and
(D2, 2φ2). Note that if c(e2) = c2, then the orientation D2 should be chosen in
such a way that D1 and D2 give opposite directions to e2. The desired flow on
(G,σ) is obtained from (D,φ) by reversing each edge with negative value.
Theorem 5.5. Let (G,σ) be a flow-admissible signed cubic graph with Nσ = {n1, n2}.
If G is 3-edge-colorable or critical, then (G,σ) has a nowhere-zero 6-flow (D,φ) such
that φ(n1) = φ(n2) = 1.
Proof. Let (G,σ) be a minimal counterexample to the theorem in terms of number
of edges. By Lemma 3.1 and Theorem 2.4, (G,σ) has no 2-edge-cut containing both
negative edges. If (G,σ) has a 2-edge-cut containing exactly one negative edge, then
apply the 2-edge-cut-reduction. Then a combination of Observation 3.4, induction,
Lemma 3.5 and Corollary 5.2 yields to a contradiction. Hence, in the following we
13
assume that no 2-edge-cut of (G,σ) contains a negative edge and, by Corollary 3.3,
no 3-edge-cut of G contains both negative edges.
Case 1: G is 3-edge-colorable. By Lemma 5.4, there is a nowhere-zero 4-flow (D′, φ′)
on (G, 1) such that φ′(n1) = φ
′(n2) = 1, and φ
′(e) > 0, for every e ∈ E(G).
Suppose, without loss of generality, that D′ orients the edges n1 = x1x2 and
n2 = y1y2 from x1 to x2 and from y1 to y2, respectively. We now define an x1-y2-
path P such that E(P ) ∩ Nσ = ∅. If there is a directed x1-y2-path P1 such that
E(P ) ∩ Nσ = ∅, we set P = P1. Otherwise, by Lemma 2.2, every directed x1-y2-
path contains an edge of Nσ. This is possible if and only if n1 and n2 belong to
a same 4-edge-cut of G, because φ′(n1) = φ
′(n2) = 1 and no 2-edge-cut of (G,σ)
contains a negative edge and no 3-edge-cut of (G,σ) contains both negative edges.
Let f = z1z2 be another edge of the 4-edge-cut, and suppose that D
′ orients f from
z1 to z2 (note that by Kirchhoff’s law φ
′(f) = 1). Then we set P = P2 ∪ f ∪ P3,
where P2 is a directed x1-z2-path such that E(P2)∩Nσ = ∅ and P3 is a directed z1-
y2-path such that E(P3)∩Nσ = ∅. We are ready to define (D,φ) on (G,σ). Obtain
D by reversing the orientation of hx1(n1) and hy2(n2) and by setting D(h) = D
′(h)
for every other half-edge h of (G,σ). The desired nowhere-zero 6-flow on (G,σ) is
(D,φ) with φ(e) = φ′(e)+2 if e ∈ E(P )−f , φ(f) = −1, and φ(e) = φ′(e) otherwise.
Case 2: G is critical. Suppress x1 and x2 in G − n1 to obtain a 3-edge-colorable
cubic graph G′. By Lemma 5.4, (G′, 1) admits a nowhere-zero 4-flow (D′, φ′) such
that φ′(n2) = 1. Let n2 = y1y2 be directed from y1 to y2. Clearly, (D
′, φ′) can
be considered also as a nowhere-zero 4-flow on (G − n1, 1). Consider a directed
x1-y2-path P1 and a directed x2-y2-path P2 in (G− n1, 1). Since φ
′(n2) = 1 and n2
does not belong to any 2-edge-cut, we may assume that n2 /∈ E(P1)∪E(P2). Obtain
an orientation D of (G,σ) by letting n1 be extroverted, reversing the orientation
of hy2(n2), and by setting D(h) = D
′(h) for every other half-edge h of (G,σ). Let
φ′′(e) = φ′(e)+1 if e ∈ E(P1), φ
′′(n1) = 1, and φ
′′(e) = φ′(e) if e 6∈ E(P1)∪{n1}. The
desired nowhere-zero 6-flow on (G,σ) is (D,φ) with φ(e) = φ′′(e) + 1 if e ∈ E(P2),
and φ(e) = φ′′(e) otherwise.
6 General case
In this section we prove a general statement.
Theorem 6.1. Let (G,σ) be a flow-admissible signed cubic graph with Nσ = {uv, xy},
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and let G∗ = (V (G), E(G) ∪ {ux} − {uv, xy}) be an unsigned graph. If G∗ admits
a nowhere-zero k-flow for some integer k such that ux receives flow value 1, then
(G,σ) admits a nowhere-zero (k + 1)-flow (D,φ) with the following properties:
1. φ(e) > 0, for every e ∈ E(G),
2. φ(uv) = φ(xy) = 1, and
3. there exists a v-y-path P such that φ−1(k) ⊆ E(P ) and φ−1(1) ∩ E(P ) = ∅.
Proof. Let (D∗, φ∗) be a nowhere-zero k-flow of G∗ as described in the statement,
furthermore we may assume that φ∗(e) > 0 for every e ∈ E(G∗). Suppose that
ux is oriented from u to x, and let P be a directed y-v-path of G∗ − {ux} (which
exists by Lemma 2.2 and the fact that φ∗(ux) = 1). We define (D,φ) on (G,σ) as
follows. For e ∈ E(G) ∩ E(G∗) we set D(e) = D∗(e). Let xy be extroverted and
uv be introverted, and let φ(xy) = φ(uv) = 1. If e /∈ P , then φ(e) = φ∗(e), and if
e ∈ P , then φ(e) = φ∗(e) + 1. It is easy to see that (D,φ) is a desired nowhere-zero
(k + 1)-flow.
The previous theorem combined with the following observation provides several
interesting corollaries.
Observation 6.2. Let (G,σ) be a flow-admissible signed cubic graph with Nσ =
{uv, xy}, and let G∗ = (V (G), E(G)∪{ux}−{uv, xy}) be an unsigned graph. If no
2-edge-cut of (G,σ) contains a negative edge, then G∗ is flow-admissible.
Proof. Suppose for a contradiction that G∗ is not flow-admissible. Then G∗ contains
a bridge b. If b = ux, then either (G,σ) has two components, each containing a
negative edge, or {uv, xy} is a 2-edge-cut of (G,σ). In the first case (G,σ) is not
flow-admissible, and in the second case there is a 2-edge-cut of (G,σ) containing
a negative edge, a contradiction. If b 6= ux, then u and x belong to the same
component H of G∗ − b. If v and y both belong to H, then b is a bridge of (G,σ)
with an all-positive signed graph on one side. By Lemma 2.1, (G,σ) is not flow-
admissible, a contradiction. If neither v nor y belongs to H, then {uv, xy, b} is
a 3-edge-cut containing two negative edges. Hence by Corollary 3.3, (G,σ) is not
flow-admissible. Suppose, without loss of generality, that one of v and y, say v,
belongs to H. Then {uv, b} is a 2-edge-cut of (G,σ) containing a negative edge, a
contradiction.
We are ready to state the corollaries.
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Theorem 6.3. If (G,σ) is a flow-admissible signed cubic graph with Nσ = {uv, xy},
then (G,σ) has a nowhere-zero 7-flow (D,φ) such that φ(uv) = φ(xy) = 1, and all
the edges with flow value 6 lie on a single path.
Proof. Let (G,σ) be a minimal counterexample to the theorem in terms of number of
edges. By Theorem 5.3, (G,σ) is 2-edge-connected. By Lemma 3.1 and Theorem 2.4,
Nσ does not form any 2-edge-cut. Assume that there is a 2-edge-cut X containing
one positive and one negative edge. Let (G1, σ1) and all-positive (G2, σ2) be resulting
graphs of the 2-edge-cut reduction of (G,σ) with respect to X. By Observation 3.4
(G1, σ1) and (G2, σ2) are flow-admissible. Furthermore, (G1, σ1) has two negative
edges and is smaller than (G,σ). Therefore, (G1, σ1) admits a nowhere-zero 7-
flow (D1, φ1) with the required properties. We may assume that φ1(e) > 0, for
every e ∈ E(G1). Let fi ∈ E(Gi) − E(G), for i = 1, 2. If φ1(f1) ≤ 5, then we use
Corollary 5.2 to find a nowhere-zero 6-flow (D2, φ2) on (G2, σ2) with φ2(f2) = φ1(f1).
Otherwise, we find a nowhere-zero 6-flow (D2, φ2) on (G2, σ2) such that φ2(f2) = 5
and φ2(e) > 0, for every e ∈ E(G2). We modify (D2, φ2) into a nowhere-zero 7-
flow by sending a flow value 1 along a directed circuit containing f2 (note that by
Lemma 2.2, there is a directed path between end-vertices of f2). In both cases,
by Lemma 3.5, we can combine (D1, φ1) and (D2, φ2) into a desired nowhere-zero
7-flow on (G,σ), a contradiction.
Finally, we may assume that every 2-edge-cut of (G,σ) contains only positive
edges. Let G∗ = (V (G), E(G) ∪ {ux} − {uv, xy}) be an unsigned graph obtained
from (G,σ). By Observation 6.2, G∗ is flow-admissible, and by Corollary 5.2, G∗
admits a nowhere-zero 6-flow with flow value 1 on ux. We obtain a contradiction
by applying Theorem 6.1.
The proof of the following corollary is very similar to the previous one, hence
we omit it.
Corollary 6.4. If Tutte’s 5-flow conjecture holds true, then Bouchet’s conjecture
holds true for all signed graphs with two negative edges. Moreover, for any bridgeless
signed graph (G,σ) with Nσ = {n1, n2}, there is a nowhere-zero 6-flow (D,φ) with
φ(e) > 0 for every e ∈ E(G) such that φ(n1) = φ(n2) = 1, and there is a path P
such that φ−1(5) ⊆ E(P ) and φ−1(1) ∩ E(P ) = ∅.
A graph G is cyclically k-edge-connected if there exists no edge-cut C with less
than k edges such that G − C has two components that contain a circuit. The
oddness ω(G) of a cubic graph G is the minimum number of odd circuits of a 2-
factor of G. In [13] it is proven that if the cyclic connectivity of a cubic graph G is
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at least 52ω(G)−3, then F (G, 1) ≤ 5. Since for any nowhere-zero k-flow with k ≤ 5,
it is possible to choose a flow value on a particular edge, Theorem 6.1 provides the
following corollary.
Corollary 6.5. Let (G,σ) be a flow-admissible signed cubic graph with Nσ =
{uv, xy}, and let G∗ be an unsigned graph obtained from (V (G), E(G) ∪ {ux} −
{uv, xy}) by suppressing vertices of degree 2. If G∗ is cyclically k-edge-connected
and k ≥ 52ω(G
′)− 3, then F (G,σ) ≤ 6.
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